2 


LAST NAME: 

FIRST NAME: 


Problem 1 [ 10 points ] 

Let L be the language over the alphabet £ = {a, 6, c, d} that contains exactly those strings whose foirn is. 


b l c 1 d k c £ b m a n d p a q 


C d r kT 


d 




where z, j, /c, £, m,n,p,q > 0 are natural numbers such that: z = m, k — p, j = 0, g — 0, £ — 0, n — 0. 


If L is context free, then use part (a) of the answer space below to write a complete formal definition of a 
context free grammar that generates L, and do not write anything in part (b). If L is not context free, then 
do not write anything in part (a) of the answer space, but complete the missing parts of the text given in 
part (b) so as to obtain a proof that L is not context free. If the text given in part (b) requires corrections (in 
addition to completion), then make these corrections. 


(a) Grammar that generates L : 


Answer: 



.41 


h 


> 


(b) Proof that L is not context free: > 

Observe that all words of L satisfy the following characteristic property: ^ 

evvcXL 

Assume the oppositepthat L is context free. Let n be t 

wo £ L be a string defined as follows: \ _ ^ 

J, P vWe ^~> 'l 




v 


le constant as in th§ 


Pumping Lemma for L. Let 


ic 0 



wq belongs to L because 


wo must pump because 


* 
4 


O 


\ 


1 UJ ^\ 


Ow -r ' 




because 
1 




In any “pumping” decomposition of wq, the pumping window satisfies the following property: 

LccAecf vjoCLvv* ^ Q. ^ ^ 

o<j\oc£m 4 "'si . i 1 j 

**" '^ u IT ^ ^ 

eucrVjVAoqi* ^ . Xj 

By pumping _^ times, we obtain a string \AJ \ y ^ 

which does not belong to L because ^ / V/ Mj> ^ \ y M Va f ^ > i j 

ci W cd poevlf ^ y 

o u ®- 4 v\cSN-}odli Soi u^ftiTv ' 

Since L violates'the Pumgin| Lemma, it is not context free. 


TW 1<5 
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LAST NAME: 

FIRST NAME: ____— 

-A ' 

Problem 6 [ 10 points ] 

Let L be the language over the alphabet £ = {a,b,c,d} that contains exactly those strings whose form is. 

1) -re. V f* c i b>a k b t c m d n dfd“ 

e a <0. cl 

^ n -* 1 ^ ^ ^ ” 

where z,j, fc, l, m, n,p, q > 0 are natural numbers such that: i = £, k — p, j = 0, q — 0, m — 0, n = 0. 

If L is context free, then use part (a) of the answer space below to write a complete formal definition of a 
context free grammar that generates L, and do not write anything in part (b). If L is not context free, then 
do not write anything in part (a) of the answer space, but complete the missing parts of the text given in 
part (b) so as to obtain a proof that L is not context free. If the text given in part (b) requires corrections (in 
addition to completion), then make these corrections. 

(a) Grammar that generates L: 

Answer: 



(b) Proof that L is not context free: \ \j \ 

Observe that all words of A satisfy the following characteristic property: 

fit Uv rv\cv\-o.cJ \ot<$U‘'V \ VWU"K 



V cx 




V 


b 

4 


. .... _ \*> 

opposite, that L is context free. Let n berae constant as in ^he Pumping Lemma for L. Let 


Assume the 
wo G L be.a string defined as follows: 

»«= C A P ' 

wo belongs to L because \ \ 

wo must pump because 1 



,,, 

) r V\ 

K M 

ir 


\) 


\o v ~ 4.0,. 10. r(° 







n any “pumping” decomposition of wq. the pumping window Satisfies the following property: 




ing” decoi 

Opposition 

of Wq 

f ui 

L x'Va. 




o V\ v ! \ p f hA eKT " <3^ 


because 


\ evfJV i *> 

.o y. fi 

By pumping \ A___ 









Dvfi f vw 

•^>©1 vh 


which does not belong to L because 

\l\Jv Uj ^ \U 


nve. - - 

times, we obtain a string v 

VK> 




XU 


is 



POajM W \U( V'Pt'S* \ 


CU e u 



odvbfCfvS^ ^&\Vv\^v4 



Since L violates the Bumping Lemma, it is not context free. 




we_ 


s> \u 
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LAST NAME: 


FIRST NAME: 


Problem 6 [ 10 points ] 

Let L be the language over the alphabet E = {a, 6, c, d } that contains exactly those strings whose form is: 


c l b j c k b i a m d n a p d q 

Q\L 

~ CL. 




where i, j, k,t, ra, rc,p, g > 0 are natural numbers such that: i — fc, j = 0, m = p, n — 0. 

If L is regular, then use part (a) of the answer space below to draw a state transition graph of a finite automaton 
that accepts L, and do not write anything in part (b). If L is not regular, then do not write anything in part (a) 
of the answer space, but complete the missing parts of the text given in part (b) so as to obtain a proof that L 
is not regular. If the text given in part (b) requires corrections (in addition to completion), then make these 



(b) Proof that L is not regular: 

Observe that all words of L satisfy the following characteristic property: 


Assume the opposite, that L is regular. Let i r be the constant as in the Pumping Lemma for L. Let wq E L 
be a string defined as follows: 

i 

wo = 

wo belongs to L because 
wo must pump because 



because 


By pumping 

which does not belong to L because 


times, we obtain a string 


Since L violates the Pumping Lemma, it is not regular. 









5 


LAST NAME: 


FIRST NAME: 


Problem 4 [ 10 points ] 

Let L be the language over the alphabet E = {a,b,c,d} that contains exactly those strings whose form is: 


C 





c , b’a k b l c"[d n a p d‘> 

’ A JK. 








1 b 



where i, j, A;, t, m, n, p, q > 0 are natural numbers such that: q — n , fc — 0, j — p — 0. 

If L is regular, then use part (a) of the answer space below to draw a state transition graph of a finite automaton 
that accepts L, and do not write anything in part (b). If L is not regular, then do not write anything in part (a) 
of the answer space, but complete the missing parts of the text given in part (b) so as to obtain a proof that L 
is not regular. If the text given in part (b) requires corrections (in addition to completion), then make these 

corrections. 

(a) Finite automaton that accepts L : ^2-. 




(b) Proof that L is not regular: 

Observe that all words of L satisfy the following characteristic property: 


Assume the opposite, that L is regular. Let 7 r be the constant as in the Pumping Lemma for L. Let Wo G L 
be a string defined as follows: 

w 0 = 

wq belongs to L because 


wo must pump because 


In any “pumping” decomposition of wq, the pumping window satisfies the following property: 


because 


By pumping times, we obtain a string 

which does not belong to L because 


Since L violates the Pumping Lemma, it is not regular. 
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LAST NAME: 

FIRST NAME: 

Problem 5 [ 10 points ] 

Let L be the language over the alphabet E = {a,b,c,d} that contains exactly those strings whose form is: 

_ c?V c k a e d m b n cf d q 

oT IE- e" cT kT c? 

where i,j, k, £, m, n,p, q > 0 are natural numbers such that: i = m, j = k, t = 0, n — p, q = 0. 

If L is regular, then use part (a) of the answer space below to draw a state transition graph of a finite automaton 
that accepts L, and do not write anything in part (b). If L is not regular, then do not write anything in part (a) 
of the answer space,, but complete the missing parts of the text given in part (b) so as to obtain a proof that L 
is not regular. If the text given in part (b) requires corrections (in addition to completion), then make these 

corrections. 

(a) Finite automaton that accepts L: 

Answer: 


(b) Proof that L is not regular: 

Observe that all words of L satisfy the following characteristic property: 


o. 


^JU\ 


w- jr- 


\ 








% 

4* 


Assume the opposite, that L is regular. Let n be the constant as in the Pumping Lemma for L. Let wq E l¬ 
be a string defined as follows: 

dp 


fV\ 

OL. 






wq belongs to L because 





r -JU 




LtrK 


V~ 


wo must pump because ^ 

\\xA ' 


V_>-1 


O t p 
\ ' 



W 


In any “pumping” decomposition of icq, the pumping window satisfies the following property: 


f=> 

because 

loco; 

A 









By pumping 


times, we obtain a string 


which does not belong to L because 

<3' A rvx\ \ ' 

Since L violates the Pumpin^^emma, it is not regular. 




Uj 


, 


\ 
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LAST NAME: 


FIRST NAME: 


Problem 5 [ 10 points ] 

Let L be the language over the alphabet £ = {a, b, c, d) that contains exactly those strings whose form is. 


a l c>b k aU m c n bPd q 




where i, j, fc, i, m, n,p, q > 6 are natural numbers such that: m — n , j = k, i — 0, ^ — g, p — 0. 

If L is regular, then use part (a) of the answer-*space below to draw a state transition graph of a finite automaton 
that accepts L, and do not write anything in part (b). If L is not regular, then do not write anything in part (a) 
of the answer space, but complete the missing parts of the text given in part (b) so as to obtain a proof that L 
is not regular. If the text given in part (b) requires corrections (in addition to completion), then make these 

“corrections. 


(a) Finite automaton that accepts L : 

Answer: 


(b) Proof that L is not regular: 

Observe that all words of L satisfy the following characteristic property: 


XL , V *\. 

Q: \cT<X CV « 



!> 



At- Q. 


Assume the opposite, that L is regular. Let ir be the constant as in the Pumping Lemma for L. Let wq 6 L 
be a string defined as follows: __ _ 

^ “duo d-h- ° °✓ 


wo belongs to L because 


X i 




*=U 



wo must, pump because — Q y^ '>~T1 " 

In any “pumping” decomposition of the pumping window satisfies the following property: 


\ O VA^Ji 


ho ch h-t oo \>Q 


because 




o 


°\vv. 

By pumping 


O \S 

cL 1 


C «\ 


\ e c|_ \o \ \ o <\ 









<r 


Vju> 


which does not belong to L because 


A 



/ 







V_ 



u 



Since L violates the Pumping Lemma, it is not regular. 
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LAST NAME: 


FIRST NAME: 


Problem 1 [ 10 points ] 

Let L be the language over the alphabet E = {a, 6, c, d) that contains exactly those strings whose form is. 



where i,j , k,t, m,n,p,q > 0 are natural numbers such that: i = ra, j = k, p - q. 

If L is context free, then use part (a) of the answer space below to write a complete formal definition of a 
context free grammar that generates L, and do not write anything in part (b). If L is not context free, then 
do not write anything in part (a) of the answer space, but complete the missing parts of the text given in 
part (b) so as to obtain a proof that L is not context free. If the text given in part (b) requires corrections (in 
addition to completion), then make these corrections. 



Observe that all words of L satisfy the following characteristic property: 

Assume the opposite, that L is context free. Let tt be the constant as in the Pumping Lemma for L. Let 
wo G L be a string defined as follows: 

wo = 

wo belongs to L because 
wo must pump because 



because 


By pumping 

which does not belong to L because 


times, we obtain a string 


Since L violates the Pumping Lemma, it is not context free. 
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T.AST NAME: 

FIRST NAME: 


Problem 2 [ 10 points ] 

Let L be the language over the alphabet £ = {a,6,c,d} that contains exactly those strings whose form is 


VC t *^1 ^ £ i i c i b k c e a m b n d p a q 

d n, b o rx d CV 


Q 
\ 



where i, j, k, £, m,n,p,q > 0 are natural numbers such that: i — q, j — k, £ — p, m — n. 


If L is context free, then use part (a) of the answer space below to write a complete formal definition of a 
context free grammar that generates L, and do not write anything in part (b). If L is not context free, then 
do not write anything in part (a) of the answer space, but complete the missing parts of the text given in 
part (b) so as to obtain a proof that L is not context free. If the text given in part (b) requires corrections (in 

addition to completion), then make these corrections. 


(a) Grammar that generates L: 

Answer: 

Gr=C\J | S (P| 'ON 


‘ A -fr C k'o \ -!K 


(b) Proof that L is not context free: 

Observe that all words of L satisfy the following characteristic property: 


Assume the opposite, that L is context free. Let tt be the constant as in the Pumping Lemma for L. Let 
wo E L be a string defined as follows: 

wo = 

wo belongs to L because 
wo must pump because 

r 

In any “pumping” decomposition of wo 1 the pumping window satisfies the following property. 


because 


By pumping times, we obtain a string 

which does not belong to L because 


Since L violates the Pumping Lemma, it is not context free. 
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LAST NAME: 


FIRST NAME: 


Problem 3 [ 10 points ] 

Let L be the language over the alphabet £ = {a, b, c, d} that contains exactly those strings'whose form is: 

~ C T~t' 

b i a j d k c e d rn b n c?a q ■- 

where i, j, k, t, m,n,p,q> 0 are natural numbers such that: i — m , fc — q, £ — 0, p — n. 

If L is context free, then use part (a) of the answer space below to write a complete formal definition of a 
context free grammar that generates L, and do not write anything in part (b). If L is not context free, then 
do not write anything in part (a) of the answer space, but complete the missing parts of the text given in 
part (b) so as to obtain a proof that L is not context free. If the text given in part (b) requires corrections (in 
addition to completion), then make these corrections. 

(a) Grammar that generates L\ ,0 

D-t Mb 1 . 

Ab ^ cvt) \n\ . 

v\ 


Answer: 

X -1g\s ( C 


?: 


M 





i"r-’\ 1 





(b) Proof that L is not context free: 

Observe that all words of L satisfy the following characteristic property: 


Assume the opposite, that L is context free. Let tt be the constant as in the Pumping Lemma for L. Let 
wq £ L be a string defined as follows: 

wo = 

wo belongs to L because 


wo must pump because 

r 


In any “pumping” decomposition of wq : the pumping window satisfies the following property: 


because 

By pumping times, we obtain a string 

which does not belong to L because 


Since L violates the Pumping Lemma, it is not context free. 
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LAST NAME: 


FIRST NAME: 


Problem 2 [ 10 points ] 

Let L be the language over the alphabet E = {a, b , c, d} that contains exactly those strings whose form is. 


Q VnA 

1 -7 

CL 




where i,j, k, i, m,n,p,q > 0 are natural numbers such that: i = q, j = m, k — £, n — p. 

If L is context free, then use part (a) of the answer space below to write a complete formal definition of a 
context free grammar that generates L, and do not write anything in part (b). If L is not context free, then 
do not write anything in part (a) of the answer space, but complete the missing parts of the text given in 
part (b) so as to obtain a proof that L is not context free. If the text given in part (b) requires corrections (in 
addition to completion), then make these corrections. 



(a) Grammar that generates L: 



jy -t. cr P\ cG ) LD 

""h c. \ 'X 


'b -e 


(b) Proof that L is not context free: 

Observe that all words of L satisfy the following characteristic property: 

Assume the opposite, that L is context free. Let it be the constant as in the Pumping Lemma for L. Let 
wq gL be a string defined as follows: 

m - 

ico belongs to L because 
ico must pump because 



because 


By pumping 

which does not belong to L because 


times, we obtain a string 


Since L violates the Pumping Lemma, it is not context free. 
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LAST NAME: 


FIRST NAME: 


Problem 3 [ 10 points ] 

.Let L be the language over the alphabet E = {o, b , c, d} that contains exactly those strings whose form is: 


cffrWc m ffW 



where i, j, ra, n,p,q > 0 are natural numbers such that: i—j , n — p, ^ — q- 

If L is context free, then use part (a) of the answer space below to write a complete formal definition of a 
context free grammar that generates L, and do not write anything in part (b). If L is not context free, then 
do not write anything in part (a) of the answer space, but complete the missing parts of the text given in 
part (b) so as to obtain a proof that L is not context free. If the text given in part (b) requires corrections (in 
addition to completion), then make these corrections. 

(a) Grammar that generates L\ 



(b) Proof that L is not context free: v 

Observe that all words of L satisfy the following characteristic property: 

i 

Assume the opposite, that L is context free. Let tt be the constant as in the Pumping Lemma for L. Let 
wq E L be a string defined as follows: 

wo = 

wo belongs to L because 
wo must pump because 

In any “pumping” decomposition of iuo, the pumping window satisfies the following property: 


because 


By pumping 

which does not belong to L because 


times, we obtain a string 


Since L violates the Pumping Lemma, it is not context free. 
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LAST NAME: 


FIRST NAME: 


Problem 4 [ 10 points ] \ (\M 

Let L be the language over the alphabet E = {a, 6, c, d } that contains exactly those strings whose 






a 


<V“*- ) 

CX. 


P c l V a k d i a m c n d p b q > 


cx 

_a V. 




\ 


e 


P 



Cl 




where z, j, fc, m, n,p, q > 0 are natural numbers such that: i — m , k — q, i = 0, p — n. 

If L is context free, then use part (a) of the answer space below to write a complete formal definition of a 
context free grammar that generates L, and do not write anything in part (b). If L is not context free, then 
do not write anything in part (a) of the answer space, but complete the missing parts of the text given in 
part (b) so as to obtain a proof that L is not context free. If the text given in part (b) requires corrections (in 
addition to completion), then make these corrections. 

(a) Grammar that generates L: 


Answer: 









(b) Proof that L is not context free: 

Or 




A -4 c. V T ^ 


, A ^ ^ 








Observe that all words of L satisfy the following characteristic property: 


Assume the opposite, that L is context free. Let n be the constant as in the Pumping Lemma for L. Let 
wq E L be a string defined as follows: 


wo = 


wq belongs to L because 


wo must pump because 


In any “pumping” decomposition of wo, the pumping window satisfies the following property: 


because 


By pumping times, we obtain a string 

which does not belong to L because 


Since L violates the Pumping Lemma, it is not context free. 
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Problem 7 [ 20 points ] 

Let L be the language accepted by the pushdown au¬ 
tomaton M — (Q, £, r, 5, q , F) where: Q — {g,p, s , £}, 
S — {a, 6, c, d}, T — {A, B, E , F, F}, F — {£} and the 
transition function 5 is defined as follows: 


[?, A, A,p, FFFF] 
[p, d, A, p, Z?] 

[p, A, A, s, A] 


5, c, A, s, A] [£, a, F, L A] 

[s, A, A, t, , A] [t, 6, F, t, A] 

[£, a, A, £, A] [L c, F, £, A] 

[i, 6, B,i, A] 


* 

(Recall that M is defined so as to accept by final state 
and empty stack. Furthermore, if an arbitrary stack 
string, say X\ ... X n E T* where n > 2, is pushed on 
the stack by an individual transition, then the left¬ 
most symbol X\ is pushed first, while the rightmost 
symbol X n is pushed last.) 

(a) In the table below, fill the ten empty rectangles 
by writing into each rectangle one of the following 
two symbols: 

1 if the string next to the rectangle belongs to L\ 

0 if the string next to the rectangle belongs to L; 


s 

s E L 

A 

o 

aacb 

/ \ II 

bcaa 

o II 

caaacb ] 


ccaaaacb 

\ 

dbaacb 

\ 

dbac 

0 

dbacaacb 

o 

dcab 

o 

dcabaacb 



(b) Write a complete formal definition of a context- 
free grammar that generates L. If such a grammar 
does not exist, prove it. 

A , 

Answer: \ f 



LAST NAME: 


FIRST NAME: 


(c) Is the language Ln(abUc6c)* context free? 



(d) Is L decidable? Explain your answer. 







(e) State the cardinality of L. If L is finite, state the 
exact number; if L is infinite, specify whether it is 
countable or riot countable. 


Answer: 

/ 


4 


1 O Ne 




o yy 
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Problem 7 [ 20 points ] 

Let L be the language accepted by the pushdown au¬ 
tomaton M = ( Q , E, r, 5, q , F) where: Q = {q,p, s, t}, 
E = {a,b,c,d},T = {A, B, D, P,S}, F = {t} and the 
transition function 5 is defined as follows: 


[<?, A, \,p, PASS} 
[p, a, A,p, D ] 

[p, A, A, s, A] 


s, c. A, s, D] [f, a,A,t,\\ 
[s, A, A, f, A] [t, b , P, t, A] 
[t, d, D, t, A] [f, c, 5, t, A] 
[t, 6, B, t, A] 


(Recall that M is defined so as to accept by final state 
and empty stack. Furthermore, if an arbitrary stack 
string, say X\ ... X n € T* where n > 2, is pushed on 
the stack by an individual transition, then the left¬ 
most symbol X\ is pushed first, while the rightmost 
symbol X n is pushed last.) 

(a) In the table below, fill the ten empty rectangles 
by writing into each rectangle one of the following 
two symbols: 

1 if the string next to the rectangle belongs to L; 

0 if the string next to the rectangle belongs to L; 


s 

s £ L 

A 

o 

abccab 

\ 

abed 

Q 

abcdccab 

o 

aedb 

LQ „ 

acdbccab 

\ 

bacc 

o 

ccab 

) 

ccddccab 

\ 

cdccab 

V- 


(b) Write a complete formal definition of a context- 
free grammar that generates L. If such a grammar 
does not exist, prove it. 

Answer: 

£eK/ 

aa 

a cl. 



LAST NAME: 


FIRST NAME: 


(c) Is the language Ln(abUcbc)* context free? 
Explain your answer. 

A ncwor 1 







(d) Is L decidable? Explain your answer. 


Answer: 




pr; 


\J N- 


C Q M f 




(e) State the cardinality of L. If L is finite, state the 
exact number; if L is infinite, specify whether it is 


countable or not countable. 

































































9 


Problem 8 [ 20 points ] 

Let L be the language accepted by the pushdown au¬ 
tomaton M — (Q, S, r, d, g, F) where: Q — {g,p, s, £, u}, 
S = {a,b,c,d},r - {F,F,F,F,F}, F = {v} and 
the transition function 5 is defined as follows: 


LAST NAME: 


FIRST NAME: 


[g, A, A,p, FPFF] 
[p,a, A,p, F] 

[jPl ^7 ^7 


5 , 6, F, 5 , A] 

[s, A, F, t, F] 
[£, d, A, t, F] 
[£, A, A, u, A 


u, a, F, u, A] 
u, 6, F,v, A] 

u, c, F, A] 

v , d, F, u, A] 


(c) Is L recursively enumerable? Explain your an¬ 
swer. 

^ ^ ' Qc'M 

* ^ v/ V, ^ 





^/v 




(Recall that M is defined so as to accept by final state 
and empty stack. Furthermore, if an arbitrary stack 
string, say X \... X n £ T* where n > 2, is pushed on 
the stack by an individual transition, then the left¬ 
most symbol X\ is pushed first, while the rightmost 
symbol X n is pushed last.) 

(a) In the table below, fill the ten empty rectangles 
by writing into each rectangle one of the following 
two symbols: 

1 if the string next to the rectangle belongs to L; 

0 if the string next to the rectangle belongs to L; 


(d) For a recursively enumerable language G, let the 
property Pi(G) be defined as follows: 

' P\{G) <=> G C L 

Is P\ a non-trivial property of recursively enumerable 
languages? Explain your answer % \ \ 

Answer: V\ ' ' ' 


\ 





<p 



5 

s £ L 

A 

a 

aabbaadb 

\ 

aadb 

TV 

abaadb 

A 

abab 

Fq II 

abdcaadb 

.A 1 

acbdaadb 

'V 

O 

bdaa 

0 

dbaa 

0 

dcaadb 

\ 




Vf\ ucJZ. )T \ 

(e) State the value of Pi( 0). 

Answer: 

(f) State the value of Pi(S*). 

Answer: 

O 

(g) Explain how to construct an algorithm that solves 
the following problem: 

Input: String w over E. 

Output: yes if w is a string which belongs to the 
set of exactly those strings on which the TXiring-Ma r* 
diine-M (defined at the beginning of this problem) 


ac 



v 


(b) Write a complete formal definition of a context- 
free grammar that generates L. If such a grammar 



no otherwise. 

If this algorithm does not exist, prove it. 

Answer: 

i t . . C 

C>n 004> 



<>vvvuJlev* 


U 


\V A,vVi 



QA OJU 


A 4~e W °i W "'A. 



d P c \ d € % 



A \ i C ^ 


A 


n>\ 

bb 








L- 


Cj 







cx (X Nd\ 


\ 
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Problem 8 [ 20 points ] 

Let P be the language accepted by the pushdown au¬ 
tomaton M — (Q, E, T, 5 , q , F) where: Q — {g,p, s, £, v} 
E = {a, 6, c, d}, T = {A, B , P>, P, 5}, F = {u} and the 
transition function 5 is defined as follows: 


M,a,p, paps] 

[p,a, A,p, P] 

[p, A, A, 5, A] 


5 , 6, P, S, A] 

[s, A,S,i, S] 
[t, c, A, t, P>] 
[p A, A,u, A] 


u, a, P, t>, A] 
p, b, A, u, A] 
u, c, S', u, A] 
u, d, D, u, A] 


(Recall that M is defined so as to accept by final state 
and empty stack. Furthermore, if an arbitrary stack 
string, say X\ ... X n G T* where n > 2, is pushed on 
the stack by an individual transition, then the left¬ 
most symbol X\ is pushed first, while the rightmost 
symbol X n is pushed last.) 

(a) In the table below, fill the ten empty rectangles 
by writing into each rectangle one of the following 
two symbols: 

1 if the string next to the rectangle belongs to L; 

0 if the string next to the rectangle belongs to P; 


LAST NAME: 


FIRST NAME: 



(c) Is L recursively enumerable? Explain your an¬ 
swer. 

Answer: 


cm n ^ G" 


O 


(d) For a recursively enumerable language G, let the 
property Pi(G) be defined as follows: 


' P 1 (G) <=> P C G 

Is Pi a non-trivial property of recursively enumerable 
languages? Explain your answer,. , 

Answer: ^ } & *> 1^ V ^ 

^ L c >\ a 0 . Lke 

(e) State the value of Pi( 0). 

Answer: 


s 

s G P 

A 


aabbccba 


abab 


abccba 


abcdccba 


acbcdcba 


bdaa 


ccba 


cdccba 


dbaa 




(f) State the value of Pi(E*). 

Answer: 


a 

(g) Explain how to construct an algorithm that solves 
the following problem: 

Input: String w over E. 

Output: yes if w is a string which belongs to the 
set of exactly those strings on which the 
chine -M (defined at the beginning of this problem) 
- divorgea T CwC 
no otherwise. ' 


(b) Write a complete formal definition of a context- 
free grammar that generates P. If such a grammar 





If this algorithm does not exist, prove it. 
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Problem 9 [ 20 points ] 

Consider the Turing machine 
M = (Q,S,T,5, q,F) such that: Q = {q,p, s,e}; 

E = {a,6(cTTVT = {J3,a,6, c}; F = {s}; and 5 is 
defined by\h£^ollowing transition set: 


LAST NAME: 


[<pa,p, a,i?] 
[<?,c,p,c, i?] 

[<p 

e, a, e, a, i?] 


[p, a, s, a, i?] 
[p, 6, s, 6, i?] 
[p, c, <s, c,-/?] 
[e, B , e, J3, i? 
e, 6, e, 6, i? 


s, a, g, a, i? 
s, 6, <?,&,#] 
s,c,g,c, J?] 

e, c, e, c, i?] 


(M has an one-way infinite tape (infinite to the right 
only.) B is the designated blank symbol. M accepts 
by final state.) 

Let La be the set of string which M accepts. 

Let Lr be the set of string which M rejects. 

Let Lp be the set of string on which M diverges. 

(a) In the table below, fill the ten empty rectangles 
by writing into each rectangle one of the following 
£w© symbols: 

A if the string next to the rectangle belongs to La\ 
R if the string next to the rectangle belongs to Lr; 
D if the string next to the rectangle belongs to Lp\ 


s 1 

II 

A 

to II 

a 

toll 

aa | 

A-1 

aab 

V 

aadb | 


abd 1 

-M 

be 

l-M 

ebab 

n> 

cc 

-A 

cdbd 

% 


(b) Write a regular expression that defines L \ • If such 
a regular expression does not exist, prove it. 


FIRST NAME: 


(c) Write a regular expression that defines Lr. If such 
a regular expression does not exist, prove it. 






o 


i cxo W u 



(d) Write a regular expression that defines Lp. If such 
a regular expression does not exist, prove it. 


Answer: 



•#— 


VJW 







, Gt o 



(e) Which language (if any) is decided by Ml Ex¬ 
plain your answer. J_ 

L\ q qaa \a * 1 


Answer: 




O 



omR iiAKucH> \\ does. Vxa 

(f) Is La recursively enumerable? Explain your an- 

\4 . 






d oCcwp 


vjAa' 




^X<=\ o\^> vj Q__/\ 


(g) Is Lp decidable? Explain you r answer. 

Answer: 


L 


o 


L 



N \ 



A 




evce -\ei jv 'V! c 

i. ''•Vv v; oeisU 













































































LAST NAME: 


Problem 9 [ 20 points ] 

Consider the Turing machine 
M = (Q, F ) such that: Q — { q,p , s, e}; 

S = {fllcl; tV,= {5, a, 6, c}; F = {g}; and (5 is 
defined byfollowing transition set: 


[g,a,p,a,F] 
[g,b,p,6,F] 
[g,c,p,c,F] 
[e,S,e, J3,F] 
e, a, e, a, i?] 


[p, a, s, a, i?] 
[p,6,s,6,F] 
[p,c, s,c, F] 
|p,B,e,J3,F] 
[e,b,e,b,F] 


5, a, q, a, F] 
>,6,g,6,F] 
s,c,q,c, R] 

e, c, e, c, F] 


(M has an one-way infinite tape (infinite to the right 
only.) B is the designated blank symbol. M accepts 
by final state.) 

Let La be the set of string which M accepts. 

Let Lr be the set of string which M rejects. 

Let Ljj be the set of string on which M diverges. 

(a) In the table below, fill the ten empty rectangles 
by writing into each rectangle one of the following 
tee symbols: 

A if the string next to the rectangle belongs to La] 
R if the string next to the rectangle belongs to Lr] 
D if the string next to the rectangle belongs to Ljj] 


s 


A 


aa 


aab 

A 

abcb 

D 

acad 

A-l 

[6 

13b II 

bad | 

% 

cc 

% 

db 

A 

ddca 

-M 


(b) Write a regular expression that defines La . If such 
a regular expression does not exist, prove it. 



FIRST NAME: 


(c) Write a regular expression that defines Lr. If such 
a regular expression does not exist, prove it. 



(d) Write a regular expression that defines Ljj. If such 
a regular expression does not exist, prove it. 

Answer: 



(e) Which language (if any) is decided by Ml Ex¬ 
plain your answer. ^ 

! 


Answer 



: 

d^cMcie. ^ , 

\~V Pi b<L 

(f) Is La recursively enumerable? Explain your an¬ 


swer. 

Answer: 




- 


\J o c c_e p' 




o 


(g) Is L d decidable? Explain your answer. 

Answer: ^ , V, cdWj- 

Qcu^Wv*iU-°l '' e <Y uJ “ A 

b, bL o <Q. a e c \ c\ c L, 
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Problem 10 [ 20 points ] 

Consider the Turing machine 
M = (Q, E, T, 5 , q, F ) such that: Q = {g,p, x, x, 
E = {a, 6, c, d}; T = {B, a, 6, c, d, iV}; F = {z}; 
is defined by the following transition set: 


LAST NAME: 

FIRST NAME: 

(c) Write a regular expression that defines Ld- If such 
a regular expression does not exist, prove it. 



[q,a,p,N,R] \p,a, 

[q, b, p, N, R] [p, b, 
[, q,d,p,N,R} \p,c, 

[q,B,e,B,R] \p,d, 

e, a, e, a, R 
e, 6, e, 6, i? 
e, c, e, c, i?] 
e, F, e, F, i?]- 


, Cl, 

R] 

y, 

a, 

X, 

a,L} 

to 

R] 

y, 

b, 

X, 

b, L) 

to 

L ] 

to 

d, 

X, 

d, L] 

',d, 

L] 







X, 

d, 

y- 

b,L} 



to 

b , 


a,L} 


Answer: 




(M has an one-way infinite tape (infinite to the right 
only.) B is the designated blank symbol. M accepts 
by final state.) 

Let La be the set of string which M accepts. 

Let Lr be the set of string which M rejects. 

Let Ld be the set of string on which M diverges. 

(a) In the table below, fill the ten empty rectangles 
by writing into each rectangle one of the following 
two symbols: 

A if the string next to the rectangle belongs to La] 
R if the string next to the rectangle belongs to Lr\ 
D if the string next to the rectangle belongs to Ld] 


s 


A | 

to 

abcc 1 


ac | 

toil 

ad 1 

toll 

badbadac | 

T>l 

bbaaddcc 1 

toll 

bdc 1 

toll 

c 

3 

aa 

mi 

ccadc 

ti>i 


(d) Explain how to construct an algorithm that solves 
the following problem: 

INPUT: String w over E. 

OUTPUT: yes if w represents a Turing Machine that 
accepts exactly those strings which the Turing Ma¬ 
chine M (defined at the beginning of this problem) 
accepts; 
no otherwise. 








If this algorithm does not exisl;, prove 


Answer: 


Ql. 

' r L_CuY 

(e) Explain how to construct a machine that operates 
as follows: 


uj\ to 1 

ty\9|pcM 


Input: String w over E. 

Output: halt if w is a string which belongs to the 
set of exactly those strings on which the Turing Ma¬ 
chine M (defined at the beginning of this problem) 
halts; 

diverge otherwise. 

If this machine does not exist, prove it. 


(b) Write a regular expression that defines La- If such 
a regular expression does not exist, prove it. 

Answer: (jT \ 

6 


Answer: 


\c£ 

j C 







oqa ^ ^ Q 1 

Ito \ \ 

s O ^\AOv Q \/\ | A/1 


to 




d to K ^ 

•A to 





































































11 


Problem 10 [ 20 points ] 

Consider the Turing machine 
M = (Q,E,T,5, q,F) such that: Q = {<?,P,t,x 
*S - {a, 6, c, d }; T - {5, a, 6, c, d, A}; F - {^}; an 
is defined by the following transition set: 


LAST NAME: 



q,a,p,N,R] 

\p, a, p, a, R] 

L u, a, x, a, L\ 

iq,b,p, N, R] 

\p,b,p,b,R} 

v, 6, x, fe, L] 

[Qi A, R 

\p, c,p, c, L] 

u, c, x, c, L\ 

[q, B , e, B , R 

\p, d, v, d, L\ 




[x,b,y,b,L\ 

e, a, e, a, R] 


[y,a,z,a,L] 

e, b, e, b, .R] 



e, c, e, c, R] 



[e,B,e,B,R]- 




(M has an one-way infinite tape (infinite to the right 
only.) B is the designated blank symbol. M accepts 
by final state.) 

Let La be the set of string which M accepts. 

Let Lr be the set of string which M rejects. 

Let Lp be the set of string on which M diverges. 

(a) In the table below, fill the ten empty rectangles 
by writing into each rectangle one of the following 
435 eo symbols: 

A if the string next to the rectangle belongs to La ; 
R if the string next to the rectangle belongs to Lr\ 
D if the string next to the rectangle belongs to Lp\ 


& 


e 


A 


abac | 

TO 

abd | 

TO 

ad | 

TO 

babadbaba 

-M 

c | 

to 

cabd 1 

TO 

ccaabbdd 

TO 

cd 

TO 

dd 

m 


b) Write a regular expression that defines La- If such 
, regular expression does not exist, prove it. 

Answer: 



FIRST NAME: 


(c) Write a regular expression that defines Lp. If such 
a regular expression does not exist, prove it. 

Answer: 

(<xoC\d av -^° C0c ^ 


(c xlAdu<L 



au 





(d) Explain how to construct a machine that operates 
as follows: 

Input: String w over S. 

Output: halt if w is a string which belongs to the 
set of exactly those strings on which the Turing Ma¬ 
chine M (defined at the beginning of this problem) 

halts; 

diverge otherwise. 

If this machine does not exist, prove it. 

Answer: * 

e | yvvec\ <=* 
ryvAO 

(e) Explain how to construct an algorithm that solves 
the following problem: 

Input: String w over E. 

Output: yes if w represents a Turing Machine that 
accepts exactly those strings which the Turing Ma¬ 
chine M (defined at the beginning of this problem) 

accepts; 
no otherwise. 

If this algorithm does not ex^st, prove it. 

Answer: ^ U' 








Y \T_ 

.cuV 
















































































